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We give two congruence properties of Hermitian modular forms
of degree 2 over Q(
√−1 ) and Q(√−3 ). The one is a congruence
criterion for Hermitian modular forms which is generalization of
Sturm’s theorem. Another is the well-deﬁnedness of the p-adic
weight for Hermitian modular forms.
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1. Introduction and results
1.1. Congruence criterion
Sturm [16] studied congruence properties of elliptic modular forms. In [16], the number of co-
eﬃcients which are required to check the coincidence modulo a prime of two modular forms is
determined. In [2], Choi and Choie studied the analog of Sturm’s theorem for Jacobi forms. Choi and
Choie [3], Poor and Yuen [14] and the author [8] have independently obtained some generalizations
of Sturm’s theorem in the case of Siegel modular forms of degree 2. The ﬁrst aim of this paper is to
generalize Sturm’s theorem to the case of Hermitian modular forms of degree 2.
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1462 T. Kikuta / Journal of Number Theory 131 (2011) 1461–1469We state our results more precisely. Let K be the imaginary quadratic number ﬁeld Q(
√−1 ) or
Q(
√−3 ), OK the ring of integers in K , dK the discriminant of K , U2(OK ) the Hermitian modular
group of degree 2 deﬁned as
U2(OK ) :=
{
M ∈ M4(OK )
∣∣ tM J2M = J2}, J2 := ( O 2 −1212 O 2
)
.
We take a character νk on U2(OK ) as
νk =
{
detk/2 for K = Q(√−1 ),
detk for K = Q(√−3 ).
For a subring R ⊂ C, we denote by M(s)k (U2(OK ), νk)R the space of symmetric Hermitian modular
forms of weight k with character νk whose all Fourier coeﬃcients belong to R . If R = C, then we write
it simply M(s)k (U2(OK ), νk). Deﬁne Λ2(K ) as
Λ2(K ) :=
{
H = (hij) ∈ Her2(K )
∣∣ hii ∈ Z, √dKhij ∈ OK },
where Her2(K ) is the set of all Hermitian matrices of size 2 whose all components are in K . For
any f ∈ M(s)k (U2(OK ), νk) has the Fourier expansion of the form f =
∑
H a f (H)q
H , where qH :=
e2π i tr(H Z) , Z is an element of the Hermitian upper-half space of degree 2, H runs over all elements
of semi-positive deﬁnite of Λ2(K ). Let p be a prime and Z(p) the local ring of all p-integral rational
numbers. The ﬁrst main theorem is as follows.
Theorem 1.1. Let k be an even integer, p a prime with p  5. In the case K = Q(√−1 ) (resp. K = Q(√−3 )),
if f ∈ M(s)k (U2(OK ), νk)Z(p) satisﬁes that a f
(
m α
α n
)
≡ 0mod p for all m, n, α with 0m (5k+8)/40, 0
n (15k+4)/120, mn−N(α) 0 (resp. with 0m (5k+9)/45, 0 n (10k+3)/90, mn−N(α) 0),
then f ≡ 0 mod p.
Remark 1.2. In fact, to show the assumption of the theorem, we need only to check the case nm.
By Theorem 1.1, we obtain the following immediately.
Corollary 1.3. Let k be an even integer, p a prime with p  5. In the case K = Q(√−1 ) (resp. K = Q(√−3 )),
if f ∈ M(s)k (U2(OK ), νk)Q satisﬁes that a f
(
m α
α n
)
∈ Z(p) for all m, n, α with 0m  (5k + 8)/40, 0 n 
(15k + 4)/120, mn − N(α) 0 (resp. with 0m  (5k + 9)/45, 0 n  (10k + 3)/90, mn − N(α) 0),
then f ∈ Mk(U2(OK ), νk)Z(p) .
1.2. Well-deﬁnedness of p-adic weight
Serre [15] deﬁned the notion of p-adic modular forms and applied it to the construction of p-adic
L functions. Some mathematicians have attempted to generalize the theory of Serre’s p-adic modular
forms to the case of several variables [1,6,11,13]. In particular, Ichikawa [6] showed that the p-adic
weight is well deﬁned for Siegel modular forms of general degree. The second aim of this paper is
to show the well-deﬁnedness of the p-adic weight for Hermitian modular forms of degree 2 over
Q(
√−1 ) and Q(√−3 ).
In the situation as Section 1.1, we have the following second main theorem.
Theorem 1.4. Let k and k′ be even integers and p a prime with p  5. If f ∈ M(s)k (U2(OK ), νk)Z(p) and
g ∈ M(s)k′ (U2(OK ), νk′ )Z(p) satisfy that f ≡ 0mod p and f ≡ gmod pl , thenwe have k ≡ k′ mod (p−1)pl−1 .
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We shall explain what the “well deﬁned” means. Let p be a prime, vp the normalized additive valua-
tion on Qp (i.e. vp(p) = 1) and g =∑0H∈Λ2(K ) b(H)qH the formal power series such that b(H) ∈ Qp
for all H . We call g a p-adic Hermitian modular forms of degree 2 if there exists a sequence { fm} of Her-
mitian modular forms of weight km with character νkm (which are not necessarily symmetric) such
that
lim
m→∞ fm = g (p-adically),
in other words,
inf
{
vp
(
a fm(H) − b(H)
) ∣∣ 0 H ∈ Λ2(K )}→ ∞ (m → ∞).
For simplicity, we consider only the case p  5. We deﬁne a group X as X := lim←− Z/(p − 1)pl−1Z
(= Zp × Z/(p − 1)Z). We ﬁnd that Z ⊂ X by the natural embedding. Our theorem leads to the fol-
lowing property.
Corollary 1.5. Let { fm ∈ M(s)km (U2(OK ), νkm )Q} and { f ′m ∈ M
(s)
k′m
(U2(OK ), νk′m )Q} be two sequences of sym-
metric Hermitian modular forms of even weight. If both { fm} and { f ′m} converge p-adically to a same formal
power series g, then there exist limits of the sequences {km} and {k′m} in X and we have
lim
m→∞km = limm→∞k
′
m in X .
By this corollary, we can deﬁne a weight of the p-adic Hermitian modular form g satisfying
b(t H) = b(H) for all 0 H ∈ Λ2(K ), similarly to the case of elliptic modular forms.
2. Preliminaries
In this section we introduce some known results which are needed in later sections.
2.1. Siegel modular forms
Let Mk(Γn) denote the space of Siegel modular forms of weight k for the Siegel modular group
Γn := Spn(Z). Any Siegel modular form f in Mk(Γn) has a Fourier expansion of the form
f (Z) =
∑
0T∈Λn
a f (T )e
2π i tr(T Z), Z ∈ Sn,
where Sn is the Siegel upper-half space of degree n and
Λn = Sym∗n(Z) :=
{
T = (ti j) ∈ Symn(Q)
∣∣ tii, 2ti j ∈ Z}
(the lattice in Symn(R) of half-integral, symmetric matrices). For simplicity, we set q
T := e2π i tr(T Z) .
For any subring R ⊂ C, we adopt the notation,
Mk(Γn)R :=
{
f =
∑
T∈Λn
a f (T )q
T ∈ Mk(Γn)
∣∣∣ a f (T ) ∈ R (∀T ∈ Λn)
}
.
For a prime p, deﬁne
M˜k(Γn)p :=
{
f˜ =
∑
a˜ f (T )q
T
∣∣∣ f ∈ Mk(Γn)Z(p)},
1464 T. Kikuta / Journal of Number Theory 131 (2011) 1461–1469where a˜ f (T ) denotes the reduction modulo p of a f (T ). Moreover we consider an algebra over Fp :
M˜(e)(Γn)p :=
∑
k∈2Z
M˜k(Γn)p .
The structure of M˜(e)(Γ2)p as an algebra was studied by Nagaoka [12]. Here we introduce the struc-
ture theorem for the cases p  5.
Let G4, G6, X10 and X12 be the usual generators of the graded ring of Siegel modular forms of
even weight for Γ2 given by Igusa [7]. Namely, Gk (k = 4, 6) is the Siegel Eisenstein series normalized
by aGk (O 2) = 1 and Xk (k = 10, 12) is Igusa’s cusp form normalized by aXk
(
1 12
1
2 1
)
= 1. As in [12], it is
known that the graded ring over Z(p) of Siegel modular forms of even weight with p-integral Fourier
coeﬃcients for Γ2 is generated by G4, G6, X10 and X12.
Theorem2.1. (See Nagaoka [12].) Assume that p  5. There exists a Siegel modular form Fp−1 ∈ Mp−1(Γ2)Z(p)
such that
F p−1 ≡ 1 mod p
and one has
M˜(e)(Γ2)p ∼= Fp[x1, x2, x3, x4]/( A˜ − 1),
where ( A˜ − 1) is the principal ideal generated by A˜ − 1 and A ∈ Z(p)[x1, x2, x3, x4] is deﬁned by
F p−1 = A(G4,G6, X10, X12).
The following theorem is a generalization of Sturm’s theorem in the case of Siegel modular forms
of degree 2.
Theorem 2.2. (See Kikuta [8].) Let p be a prime with p  5, k an even integer and Γ an arbitrary congruence
subgroup of Γ2 . We put t := [Γ2 : Γ ]. If f ∈ Mk(Γ )Z(p) satisﬁes that a f
(
m r2
r
2 n
)
≡ 0 mod p for all m, n, r with
0m (kt + 2)/10, 0 n (3kt + 1)/30 and mn− r2/4 0, then we have f ≡ 0 mod p.
Remark 2.3. In fact, we need only to check the case nm.
Ichikawa [6] showed that Serre’s p-adic weight is well deﬁned in the case of Siegel modular forms.
Theorem 2.4. (See Ichikawa [6].) Let p be a prime with p > n + 3 or p ≡ 1 mod 4 and f ∈ Mk(Γn)Z(p) ,
g ∈ Mk′ (Γn)Z(p) . If f ≡ g mod pl and f ≡ 0 mod p, then we have k ≡ k′ mod (p − 1)pl−1 .
2.2. Hermitian modular forms
In the rest of this paper, we deal with the case that K = Q(√−1 ) or Q(√−3 ) and
νk =
{
detk/2 for K = Q(√−1 ),
k √det for K = Q( −3 ).
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(s)
k (U2(OK ), νk) of symmetric
Hermitian modular forms of degree 2 and weight k with character νk consists of all holomorphic
function f : H2 → C, which satisfy
f
(
(AZ + B)(C Z + D)−1)= νk(M)det(C Z + D)k f (Z)
for all M =
(
A B
C D
)
∈ U2(OK )
and f (t Z) = f (Z). The graded rings over C of these Hermitian modular forms are studied by Dern
and Krieg [4,5].
Proposition 2.5. (Cf. [4].) If f ∈ M(s)k (U2(OK ), νk) then its restriction f |S2 is in Mk(Γ2). Moreover, there is
the following relation between the Fourier coeﬃcients of f and f |S2 :
a f |S2
(
m r2
r
2 n
)
=
∑
α∈D−1K
α+α=r
mn−N(α)0
a f
(
m α
α n
)
,
where D−1K is the inverse different D−1K := OK√dK .
In the case of K = Q(√−1 ), we deﬁne a lexicographical order for different elements
H =
(
m a+bi2
a−bi
2 n
)
, H ′ =
(
m′ a′+b′i2
a′−b′i
2 n
′
)
of Λ2(K ) by
H > H ′ ⇐⇒ (1) tr(H) > tr(H ′) or (2) tr(H) = tr(H ′), m >m′
or (3) tr(H) = tr(H ′), m =m′, a > a′
or (4) tr(H) = tr(H ′), m =m′, a = a′, b > b′.
Let p be a prime and f ∈ Mk(U2(OK ), νk)Z(p) . We deﬁne an order of f by
ordp( f ) := min
{
H
∣∣ a f (H) ≡ 0 mod p},
where the “minimum” is deﬁned in the sense of the above order. If f ≡ 0 mod p, then we deﬁne
ordp( f ) := ∞.
In the case of K = Q(√−3 ), we can deﬁne the order similar way. It is not diﬃcult to prove the
following property.
Lemma 2.6. The following identity holds
ordp( f g) = ordp( f ) + ordp(g).
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Then there exists a Hermitian modular form Fp−1 ∈ M(s)p−1(U2(OK ), νp−1)Z(p) such that
F p−1 ≡ 1 mod p.
Let Ek denote the Hermitian Eisenstein series of degree 2 deﬁned by
Ek(Z) :=
∑
M=( ∗ ∗C D )
(detM)
k
2 det(C Z + D)−k, Z ∈ H2,
where k > 4 is even and M = ( ∗ ∗C D ) runs over a set of representatives of {( ∗ ∗O 2 ∗ )}\U2(OK ). It is
known that
Ek ∈ M(s)k
(
U2(OK ), νk
)
.
Moreover E4 ∈ M(s)4 (U2(OK ), ν4) is constructed by the Maass lift (see [10]).
Theorem 2.8. (See Kikuta and Nagaoka [9].) Let K = Q(√−1 ) and assume that p  5. There exist cusp forms
χ8 , F10 , F12 of respective weight 8, 10, 12 satisfying the following properties:
(1) E4 , E6 , χ8 , F10 and F12 are algebraically independent and
⊕
0k∈2Z
M(s)k
(
U2(OK ), νk
)
Z(p)
= Z(p)[E4, E6,χ8, F10, F12].
In other words, if f ∈ M(s)k (U2(OK ), νk)Z(p) (k: even), then there exists a unique polynomial P (x1, x2, x3,
x4, x5) ∈ Z(p)[x1, x2, x3, x4, x5] such that
f = P (E4, E6,χ8, F10, F12).
(2) E4|S2 = G4 , E6|S2 = G6 , χ8|S2 ≡ 0, F10|S2 = 6X10 , F12|S2 = X12 .
(3) aχ8
(
1 −1−i2
−1+i
2 1
)
= 1, namely ordp(χ8) =
(
1 −1−i2
−1+i
2 1
)
.
Theorem 2.9. (See Kikuta and Nagaoka [9].) Let K = Q(√−3 ) and assume that p  5. There exist cusp forms
F10 , F12 , χ18 of respective weight 10, 12, 18 satisfying the following properties:
(1) E4 , E6 , F10 , F12 and χ18 are algebraically independent and
⊕
0k∈2Z
M(s)k
(
U2(OK ), νk
)
Z(p)
= Z(p)[E4, E6, F10, F12,χ18].
In other words, if f ∈ M(s)k (U2(OK ), νk)Z(p) (k: even), then there exists a unique polynomial P (x1, x2, x3,
x4, x5) ∈ Z(p)[x1, x2, x3, x4, x5] such that
f = P (E4, E6, F10, F12,χ18).
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(3) aχ18
(
2 2i√
3
− 2i√
3
2
)
= 1, namely ordp(χ18) =
(
2 ∗
∗ 2
)
for some ∗.
For explicit expressions of above generators, see [9].
3. Proofs
In this section, we shall prove our theorems. Since the proof is similar, we prove only the case
K = Q(√−1 ).
3.1. Proof of Theorem 1.1
Applying Theorem 2.8(1) to f , we can write
f = P (E4, E6, F10, F12) + χ8g,
where
P ∈ Z(p)[x1, x2, x3, x4] and g ∈ M(s)k−8
(
U2(OK ), νk−8
)
Z(p)
.
Restricting both sides to S2 we obtain f |S2 = P (G4,G6,6X10, X12) according to Theorem 2.8(2).
Proposition 2.5 implies that a f |S2
(m ∗
∗ n
)≡ 0 mod p for all m, n with 0m (5k + 8)/40 and 0 n
(15k+4)/120. Note that (k+2)/10 < (5k+8)/40 and (3k+1)/30 < (15k+4)/120. Theorem 2.2 yields
f |S2 = P (G4,G6,6X10, X12) ≡ 0 mod p. By Theorem 2.1 one sees that P˜ (x1, x2,6x3, x4) ∈ ( A˜−1). Since
P˜ is an isobaric polynomial and 6 ∈ Z×(p) , we obtain P˜ = 0. Accordingly P (E4, E6, F10, F12) ≡ 0 mod p.
Hence aχ8g
(m ∗
∗ n
)≡ 0 for all m, n with 0m (5k + 8)/40, 0 n (15k + 4)/120.
Now we assume that m0 and n0 are the diagonal elements of ordp(χ8g):
ordp(χ8g) =
(
m0 ∗
∗ n0
)
.
Note that m0 > (5k + 8)/40 and n0 > (15k + 4)/120. By Lemma 2.6, we have
ordp(g) =
(
m0 − 1 ∗
∗ n0 − 1
)
.
Then m0−1> (5k+8)/40−1 = (5(k−8)+8)/40 and n0−1> (15k+4)/120−1 = (15(k−8)+4)/120.
This means that ag
(m ∗
∗ n
)≡ 0 mod p for all m, n with 0m (5(k− 8)+ 8)/40, 0 n (15(k− 8)+
4)/120. Using an inductive argument on the weight, we see that g ≡ 0 mod p. This completes the
proof of Theorem 1.1. 
Remark 3.1. This proof depends on the congruence criterion for Siegel modular forms of degree 2.
Accordingly, if its criterion is more sharp, then our results would be more sharp.
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By Theorem 2.8(1), f and g are written in the forms
f = P1(E4, E6, F10, F12) + χ8 f1, g = Q 1(E4, E6, F10, F12) + χ8g1 (1)
where
P1, Q 1 ∈ Z(p)[x1, x2, x3, x4],
f1 ∈ M(s)k−8
(
U2(OK ), νk−8
)
Z(p)
, g1 ∈ M(s)k′−8
(
U2(OK ), νk′−8
)
Z(p)
.
Restricting two equations in (1) to S2 and using Proposition 2.5 and Theorem 2.8(2), we have
P1(G4,G6,6X10, X12) ≡ Q 1(G4,G6,6X10, X12) mod pl.
If P1(G4,G6,6X10, X12) ≡ 0 mod p, then k ≡ k′ mod (p − 1)pl−1 by Theorem 2.4. Hence we take the
largest number 0< s l such that
P1(G4,G6,6X10, X12) ≡ Q 1(G4,G6,6X10, X12) ≡ 0 mod ps.
From Theorem 2.1, one has P˜1(x1, x2,6x3, x4) ∈ ( A˜ − 1). Since P˜1 is an isobaric polynomial, we have
P˜1 = 0, namely P1 ≡ 0 mod p as a polynomial. We obtain also P1 ≡ 0 mod ps inductively. We set
P ′1 :=
1
ps
P1, Q
′
1 :=
1
ps
Q 1 ∈ Z(p)[x1, x2, x3, x4].
By the maximality of s, these polynomials satisfy
P ′1(G4,G6,6X10, X12) ≡ Q ′1(G4,G6,6X10, X12) mod pl−s,
P ′1(G4,G6,6X10, X12) ≡ 0 mod p.
It follows from Theorem 2.4 that k ≡ k′ mod (p − 1)pl−s−1. Now we may assume that k = k′ +
a(p − 1)pl−s−1 for a ∈ Z>0. From the property of F p−1 which is given in Proposition 2.7, we have
Q ′1(E4, E6, F10, F12) ≡ Q ′1(E4, E6, F10, F12)Fap
(l−s−1)
p−1 mod p
l−s. (2)
Applying Theorem 2.8(1) to the right-hand side, we can write
Q ′1(E4, E6, F10, F12)F
ap(l−s−1)
p−1 = R1(E4, E6, F10, F12) + χ8h1,
where
R1 ∈ Z(p)[x1, x2, x3, x4] and h1 ∈ Mk−8
(
U2(OK ), νk−8
)
Z(p)
.
By Eq. (2) and using Theorem 2.8(2), we have
P ′1(G4,G6,6X10, X12) ≡ R1(G4,G6,6X10, X12) mod pl−s.
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mod pl−s as polynomials. Therefore
P ′1(E4, E6, F10, F12) ≡ R1(E4, E6, F10, F12) mod pl−s.
It follows that
P1(E4, E6, F10, F12) ≡ psR1(E4, E6, F10, F12)
≡ Q 1(E4, E6, F10, F12) − psχ8h1 mod pl.
By the assumption that f ≡ g mod pl , we obtain
χ8
(
f1 − psh1
)≡ χ8g1 mod pl.
Since f ≡ 0 mod p, it must be that χ8( f1 − psh1) ≡ 0 mod p. Using Lemma 2.6, we see also that
f1 − psh1 ≡ 0 mod p and f1 − psh1 ≡ g1 mod pl . We write again f1 − psh1 and g1 in the forms
f1 − psh1 = P2(E4, E6, F10, F12) + χ8 f2, g1 = Q 2(E4, E6, F10, F12) + χ8g2,
where
P2, Q 2 ∈ Z(p)[x1, x2, x3, x4],
f2 ∈ M(s)k−16
(
U2(OK ), νk−16
)
Z(p)
, g2 ∈ M(s)k′−16
(
U2(OK ), νk′−16
)
Z(p)
.
By Theorem 2.4, if P2(G4,G6,6X10, X12) ≡ 0 mod p, then k − 8 ≡ k′ − 8 mod (p − 1)pl−1, namely
k ≡ k′ mod (p−1)pl−1, otherwise we ﬁnd a natural number t such that gt |S2 ≡ 0 mod p by continuing
the above argument repeatedly. In fact, we can take such t as 0 k′ − 8t < 8. Applying Theorem 2.4
to ft |S2 and gt |S2 , we obtain that k − 8t ≡ k′ − 8t mod (p − 1)pl−1, namely k ≡ k′ mod (p − 1)pl−1.
This completes the proof of Theorem 1.4. 
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